
1 Scaling

In R2 we can scale a point, ~p1 = (x, y), to a point, ~p2 = (x′, y′), by scale factors, sx and sy, as,

x′ = sxx (1)

y′ = syy (2)

This transformation can be written in matrix form as,

(
x′

y′

)
=

(
sx 0
0 sy

)(
x
y

)
(3)

In R3+1 this transformation matrix can be written using homogeneous coordinates as,

S =


sx 0 0 0
0 sy 0 0
0 0 sz 0
0 0 0 1

 (4)

2 Translation

In R2 we can translate a point, ~p1 = (x, y), to a point, ~p2 = (x′, y′), by,

x′ = x+ tx (5)

y′ = y + ty (6)

Translation is an affine transformation,

~x 7→ A~x+ b (7)

We can introduce homogeneous coordinates to make the translation operator linear. Equations 5 and 6 can
then be combined in matrix form as,

x′y′
1

 =

1 0 tx
0 1 ty
0 0 1

xy
1

 (8)

In R3+1 this operator becomes,

T =


1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

 (9)

3 Rotation

Suppose we have a point, ~p1 = (x, y), that we want to rotate by an angle, θ2, to the point, ~p2 = (x′, y′). The
point, ~p1, can be represented by the polar coordinates (r, θ1), and we have,
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r =
√
x2 + y2 (10)

x = r cos θ1 (11)

y = r sin θ1 (12)

Similarly, ~p2 can be written in polar coordinate form as (r, θ1 + θ2), which yields,

x′ = r cos(θ1 + θ2) (13)

= r cos θ1 cos θ2 − r sin θ1 sin θ2 (14)

= x cos θ2 − y sin θ2 (15)

y′ = r sin(θ1 + θ2) (16)

= r cos θ1 sin θ2 + r sin θ1 cos θ2 (17)

= x sin θ2 + y cos θ2 (18)

using the angle sum identities in equations 14 and 17. This transformation can be written in matrix form
as,

(
x′

y′

)
=

(
cos θ2 − sin θ2
sin θ2 cos θ2

)(
x
y

)
(19)

In R3+1 these linear operators can be written using homogeneous coordinates as,

Rx =


1 0 0 0
0 cos θx − sin θx 0
0 sin θx cos θx 0
0 0 0 1

 (20)

Ry =


cos θy 0 sin θy 0

0 1 0 0
− sin θy 0 cos θy 0

0 0 0 1

 (21)

Rz =


cos θz − sin θz 0 0
sin θz cos θz 0 0

0 0 1 0
0 0 0 1

 (22)
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